Abstract. We prove an n-tuple analogue of the Putnam area inequality for the spectrum of a single p-hyponormal operator.
Let BH denote the algebra of operators (i.e. bounded linear transformations) on a separable Hilbert space H. The operator A P BH is said to be p-hyponormal, 0`p 1, if jA Ã j 2p jAj 2p . Let rp denote the class of p-hyponormal operators. Then r1 consists of the class of p-hyponormal operators and r [11, p. 238] for the appropriate reference.) rp operators for a general p with 0`p`1 have been studied by a number of authors in the recent past; (see [3, 4, 5] for further references). Generally speaking, rp operators (0`p`1) have spectral properties very similar to those of hyponormal operators. In particular, a Putnam inequality relating the norm of the commutator D p jAj 2p À jA Ã j 2p of A P rp to the area of the spectrum 'A of A holds; indeed
(See [4, Theorem 3] ; also see [7, 8] for the case p 1.) Let U 1 Y U 2 Y F F F U n be a commuting n-tuple of unitaries, and let E( . ) denote the spectral measure of . Let dD denote the boundary of the unit disc in the complex plane C, and let À(z), z=z 1 Y z 2 F F F z n P ' the Taylor joint spectrum of . Denote the set of (all) products
. Let e P BH. The Xia spectrum of the non-commuting (n 1)-tuple (Y e), denoted ' x Y e, is de®ned to be the set fzY r X z P 'Y r P ÁPÀz 'EÁeEÁgX (see [10] ). The concept of Xia spectrum has proved to be a very useful one: it has been used by Xia [10] to study the spectra of semi-hyponormal n-tuples, by Chen and Huang [2] to describe the Taylor spectrum of (and prove a Putnam area inequality for) n-tuples of hyponormal operators, and (recently) by Ch " o and Huruya [3] in their consideration of p-hyponormal tuples. Let 
In this note we prove an analogue of inequality (1) for n-tuples of doubly commuting rUp operators (notation as below).
It is an immediate consequence of the LoÈ wner inequality [11, p. 5] that an rp operator is an rq operator, for all 0`q p; hence we may assume that 0`p`1 2 . If an A P rp, 0`p`1 2 , has equal defect and nullity, then the partial isometry U in the polar decomposition A UjAj may be taken to be a unitary. Let rUp denote those A P rp for which the partial isometry U (in A UjAj) is unitary. Given an
Let d# denote the Lebesgue volume measure in C n , let m denote the (normalized) Haar measure on dD and let " denote the linear Lebesgue measure. For a given A i P rUp, let P i denote the pure part (=completely non-normal part) of A i . We prove the following result.
Theorem. If A is doubly commuting, then
where e n n i1 jÃ i j and is as de®ned in Lemma 3 (below). If also either
Remark. The hypothesis that "'jP i j 0 implies that there exists a ®nite or countably in®nite number of pairwise disjoint annuli 0 n f! X a n`j !j`b n g, n 1Y 2Y F F F Y such that 'P i U 0 n (see [9, Theorem 9] ).
The proof of the theorem proceeds through a number of steps, stated below as lemmas.
It follows from an application of the Furuta inequality [6] that
À Á X
The operator A i being rUp 
Given AY BY P BH, let AY B AB À BA. Recall that the n-tuple A is said to be doubly commuting if 
Let A be doubly commuting; let e n and U i 1 i n be the operators e n n i1 jÃ i j and i =sum of the
then the n-tuple consists of mutually commuting unitaries and the Xia spectrum ' x Y e n is well de®ned.
Lemma 3. If A is doubly commuting, then
Proof. Let Q i X BH 3 BH, 1 i n, be de®ned as before. A straight forward computation (using the commutativity relations [S i Y T j ] of Lemma 2) shows that 
Given an A i P rUp, let A i N i È P i denote the direct sum decomposition of A i into its normal and pure parts.
Lemma 4. Given A i P rUp, we have
Clearly, P i P rUp. Let P i have the polar decomposition P i u i jP i j and de®ne (the pure rUp
, u i and v i are unitaries; also 
F F F d#X
Combining this with inequality (5) we have inequality (3). We now prove inequality (4). 
